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In order to represent process-induced anisotropies in continuum mechanics or to transfer one-dimen-
sional material models to three spatial dimensions the directional approach is a helpful technique. Since
the essential equations are deﬁned in the orientation space it is also denoted as microsphere approach. In
the current article, the relation for the directional stress tensor of the second Piola–Kirchhoff type is moti-
vated using the volumetric/isochoric split of the deformation gradient and the Clausius–Duhem inequal-
ity. Owing to inherent nonlinearities, numerical discretisation techniques are usually applied to calculate
the total stress by averaging the directional stress tensors over the unit sphere. In order to investigate the
accuracy of such simulations, the availability of exact solutions in closed form is essential. To this end, the
tension/compression behaviour which belongs to a certain direction in the orientation space is modelled
by an elasticity relation of the Mooney Rivlin type. The exact solutions are calculated, visualized and dis-
cussed for uniaxial tension and compression as well as for equibiaxial tension.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
In order to develop tensor-valued constitutive relations for ﬁ-
nite deformations and elastic or inelastic material behaviour, there
are different possibilities in continuum mechanics. In this context,
the reader is referred to the textbooks written by Haupt (2002),
Truesdell and Noll (1992), Krawietz (1986) or Malvern (1969). In
conventional approaches, the second Piola–Kirchhoff stress tensor
or the speciﬁc free energy is represented as a functional of the
Green strain tensor and the temperature. A relatively new ap-
proach which is the starting point of this article has been intro-
duced and applied by Freund and Ihlemann (2010), Shutov et al.
(2011), Freund et al. (2011) or Naumann and Ihlemann (2012). It
is capable to represent deformation-induced anisotropies and has
similarities with the microsphere approach which was developed
one decade earlier by Pawelski (1998). In the meantime, the micro-
sphere or microplane approach has been formulated for large as
well as for inﬁnitesimal deformations. It is associated to the mate-
rial behaviour on the microscale and has been applied to polymers,
metals or biological materials (cf. Carol et al. (2004), Miehe et al.
(2004), Göktepe and Miehe (2005, 2008), Miehe and Göktepell rights reserved.
ax: +49 0 89 60042386.
.(2005), Menzel and Waffenschmidt (2009), Ostwald et al. (2010)
or Waffenschmidt and Menzel (2012)). Since the constitutive rep-
resentation of the elastic behaviour of many polymers becomes
easier when non-afﬁne relations between the macroscopic
stretches and those which act on the chain molecules are assumed,
Miehe et al. (2004) considered this in their extended microsphere
model. In this approach, a so-called p-root averaging operator is
used which introduces an additional nonlinearity. Such effects
are not taken into account in the current consideration because it
is addressed to the derivation of exact solutions in closed form
without any approximation of the averaging operator. In Freund
and Ihlemann (2010), no interpretation in terms of a micro-macro
transition is provided and the physical inspiration is different. The
essential idea is the superposition of a continuous distribution of
one-dimensional stress-strain relations to build the second Piola–
Kirchhoff stress tensor. This procedure is carried out in the orien-
tation space of the reference conﬁguration. The one-dimensional
stress-strain models must not necessarily be related to the micro-
structure of the material. In Freund and Ihlemann (2010), the cen-
tral idea has been worked out and exempliﬁed. Naumann and
Ihlemann (2012) have demonstrated that the superposition of
thermodynamical consistent one-dimensional models leads to a
three-dimensional model that is also thermodynamically consis-
tent. In the current article, the inspiration of Freund and Ihlemann
(2010) is pursued.
Fig. 1. Unit vector in the orientation space of the reference conﬁguration.
A. Lion et al. / International Journal of Solids and Structures 50 (2013) 2518–2526 2519In order to evaluate numerical integration schemes for the
angular averaging operator or to understand the behaviour of the
directional approach in more detail, exact solutions in closed form
are supportive. In this context, Carol et al. (2004) formulated
appropriate microplane models which lead, after the angular inte-
gration, to macroscopic stress-strain relations of the Neo-Hookean
and the Mooney–Rivlin type. In the current article, the opposite is
done: in the directional space, Mooney–Rivlin type behaviour is as-
sumed, the angular averaging operator is evaluated without any
approximation and the resulting macroscopic behaviour is calcu-
lated in closed form. To the knowledge of the authors, this has
not been done in the literature.
The present article is structured as follows. In the next section,
some basics are provided. In Section 3, a thermodynamic investiga-
tion is realised and in Section 4, fundamental properties of the
directional approach are analysed. In Section 5, the exact solutions
for a special type of nonlinear elastic material behaviour of the
Mooney–Rivlin type under uniaxial tension and compression as
well as under equibiaxial tension are derived, visualised and
discussed.
2. Fundamentals
At ﬁrst, some basics of continuummechanics are introduced (cf.
Truesdell and Noll (1992) or Haupt (2002)). In order to separate
changes in volume from changes in shape the deformation gradi-
ent F is multiplicatively decomposed in the standard way:
F ¼ FF^; F ¼ J1=31; F^ ¼ J1=3F; J ¼ det F ð1Þ
Now, the right Cauchy Green tensor C, its determinant III = det
C = J2, its isochoric part C^ and the Green strain tensor E are
introduced:
C ¼ FTF ð2Þ
C^ ¼ F^TF^ ¼ III1=3C ð3Þ
E ¼ 1
2
ðC 1Þ ð4Þ
In order to calculate physical quantities in given directions
which are deﬁned by the angles # and u a unit vector is deﬁned
in the reference conﬁguration as sketched in Fig. 1:
e
*
a
ð#;uÞ ¼ sin# cosue*1 þ sin# sinue
*
2 þ cos#e
*
3 ð5Þ
If the deformation gradient or the right Cauchy Green tensor is
known, the isochoric stretch k
a
iso in the direction deﬁned by (5) can
be calculated1 (cf. Freund and Ihlemann (2010)):
k
a
iso ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
*
a
C^ e*
a
q
¼ III1=6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
*
a
C e*
a
q
ð6Þ
Following Naumann and Ihlemann (2012), the projection of the
temperature gradient with regard to the direction vector (5) is also
deﬁned:
g
a
R ¼ GradðhðX
*
; tÞÞ  e*
a
ð7Þ
Now, the angular averaging operator is introduced in which the
expression sin #d#du = dX denotes the inﬁnitesimal solid angle
element2:1 The dot is the scalar product. If a
*
; b
*
are vectors in Cartesian coordinates we have
a
*  b
*
¼P3k¼1akbk .
2 In their theory, Miehe et al (2004) used the non-linear p-root averaging operator
to calculate the non-afﬁne stretches in which p is an additional material parameter
hxip ¼ ð 14p
R 2p
0
R p
0 ðx
að#;uÞÞp sin# d# duÞ1=p .
:x ¼ 1
4p
Z 2p
0
Z p
0
x
að#;uÞ sin# d# du () x ¼ A xa
h i
ð8Þ
To allow for a compact notation, the double integral is abbrevi-
ated as A½. . .. The argument xa of this linear operator can be a scalar,
a vector or a tensor of any order.
In order to derive the relation between the scalar stress which is
linked to the stretch (6) in the direction (5) and an appropriate
stress tensor, an additional study is needed.
3. Thermodynamical approach
Thermodynamical consistent constitutive models have to be
compatible with the second law of thermodynamics in the form
of the Clausius-Duhem inequality3:
qR _wþ ~T  _E qRs _h
q
*
R  g
*
R
h
P 0 ð9Þ
The scalars qR, h, w and s denote the density, the thermody-
namic temperature, the speciﬁc Helmholtz free energy and the en-
tropy per unit mass related to the reference conﬁguration; ~T is the
second Piola–Kirchhoff stress tensor and _E the material time rate of
the Green strain tensor deﬁned in (3); g
*
R ¼ GradðhðX
*
; tÞÞ is the
temperature gradient and q
*
R the heat ﬂux vector. According to
the split of the deformation gradient (1), the free energy, the entro-
py and the second Piola Kirchhoff stress are assumed to be the
sums of two parts – one depending only on volumetric, another
only depending on isochoric values:
w ¼ wvol þ wiso ð10Þ
s ¼ svol þ siso ð11Þ
~T ¼ ~Tvol þ ~Tiso ð12Þ
The volumetric parts are postulated to depend only on the cur-
rent temperature and the current change in volume but the iso-
choric parts and the heat ﬂux are represented as follows:
wiso ¼ A w
a
iso
 
ð13Þ
siso ¼ A s
a
iso
h i
ð14Þ3 If A;B are tensors of the second order in a Cartesian coordinate system we have
A  B ¼P3i;k¼1AikBik.
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a
iso
" #
ð15Þ
q
*
R ¼ A q
*
a
R
 
ð16Þ
The variables w
a
iso, s
a
iso, ~T
a
iso and q
*
a
R denote the speciﬁc free en-
ergy, the entropy, the second Piola Kirchhoff stress and the heat
ﬂux vector belonging to the direction e
*
a
ð#;uÞ (see also Naumann
and Ihlemann (2012) in this context). In the most general case of
thermoinelastic material behaviour all these directional quantities
depend on the histories of deformation and temperature.
Assuming thermoelastic volume behaviour in the form of
wvol ¼ wvolðIII;hÞ the material time derivative of (10) leads to the fol-
lowing result:
_w ¼ 2III @wvol
@III
C1  _Eþ @wvol
@h
_hþ _wiso ð17Þ
Inserting (10)–(12) in combination with (17) into the Clausius–
Duhem inequality (9) and deﬁning the volumetric parts of the sec-
ond Piola–Kirchhoff stress and the speciﬁc entropy,
~Tvol ¼ 2qRIII
@wvol
@III
C1 ð18Þ
svol ¼  @wvol
@h
ð19Þ
a reduced form of the Clausius–Duhem inequality is obtained:
qR _wiso þ ~Tiso  _E qRsiso _h
q
*
R  g
*
R
h
P 0 ð20Þ
The next task is the reformulation of the isochoric stress power
in (20). For physical reasons, the directional stress tensor of the
second Piola–Kirchhoff type should satisfy the relation
~T
a
iso  _E ¼ r
a
iso
d
dt
k
a
iso ð21Þ
The scalar r
a
iso is the uniaxial stress related to the isochoric
stretch in the direction e
*
a
ð#;uÞ. Considering (21) and (6) the mate-
rial time derivative of the stretch can be computed:
d
dt
k
a
isoðtÞ ¼ ddt IIIðtÞ
1=6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
*
a
CðtÞ e*
a
r0
@
1
A ð22Þ
Application of the product and chain rules of differentiation
leads to the intermediate result
d
dt
k
a
iso ¼ 16 III
1=6C1  _C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
*
a
C e*
a
q
þ 1
2
III1=6
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
*
a
C e*
a
q e*a  _C e*a ð23Þ
Rearranging the terms, considering (6) and the formula
a
* ðA a*Þ ¼ ða* a*Þ  A in combination with _C ¼ 2 _E leads to the fol-
lowing relation between the time rates of the Green strain tensor
and the isochoric directional stretch:
d
dt
k
a
iso ¼ 1
III1=3k
a
iso
e
*
a
 e*
a
 1
3
k
a
isoC
1
0
@
1
A  _E ð24Þ
Inserting this outcome into (21) motivates the following deﬁni-
tion of the directional second Piola–Kirchhoff stress tensor:
~T
a
iso ¼ r
a
iso
1
III1=3k
a
iso
e
*
a
 e*
a
 1
3
k
a
isoC
1
0
@
1
A ð25ÞA look at relation (25) shows that it is quite close to the expres-
sion proposed by Freund and Ihlemann (2009, 2010). When (25) is
inserted into (15) to calculate the isochoric part of the second Pio-
la–Kirchhoff stress tensor the following result is obtained:
~Tiso ¼ A ~T
a
iso
" #
¼ 1
4p
Z 2p
0
Z p
0
r
a
iso
 1
III1=3k
a
iso
e
*
a
 e*
a
 1
3
k
a
isoC
1
0
@
1
A sin# d# du ð26Þ
In order to extend the ﬂexibility of the model and to provide
better ﬁts to experimental data, Freund and Ihlemann (2009,
2010) introduced an additional weighting factor w in the above
equation in the sense of ~Tiso ¼ w=4p . . .. This factor is different from
those which appear in the context of the numerical integration of
the averaging operator (cf. Miehe et al. (2004)) as it is neither
dependent on the choice of the directions nor on the geometry.
Considering (7) and (16) the scalar product between the tem-
perature gradient and the heat ﬂux vector is reformulated:
q
*
R  g
*
R ¼ A q
*
a
R
" #
 g*R ¼ A q
*
a
R  g
*
R
" #
¼ A ðqaR e
*
a
Þ  g*R
 
¼ A qaRðg
*
R  e
*
a
Þ
 
¼ A qaRg
a
R
h i
ð27Þ
If (26) and (27) are inserted into (20) in combination with (13)–
(15), (21) and the averaging operator (8), the Clausius–Duhem
inequality reads as follows:
1
4p
Z 2p
0

Z p
0
qR
d
dt
w
a
iso þr
a
iso
d
dt
k
a
iso qRs
a
iso
d
dt
h 1
h
q
a
Rg
a
R
 
sin# d# du
P 0
ð28Þ
It has to be non-negative for arbitrary thermomechanical pro-
cess histories. Since the domain of integration of (28) is ﬁxed and
deﬁned by the set union 0 6 # 6 p [ 0 6 u 6 2p, it cannot be con-
cluded that the bracketed integrand has to be non-negative for
each direction e
*
a
ð#;uÞ in the orientation space although sin#P 0
holds for 0 6 # 6 p. In principle, it is imaginable that the bracketed
term is positive for certain directions and negative for others. But,
on the other hand, if the one-dimensional material models which
are deﬁned by constitutive functions for the variables
w
a
iso;r
a
iso; s
a
iso; q
a
R in dependence on the histories of k
a
iso; h; g
a
R are com-
patible with their associated Clausius–Duhem inequality
qR
d
dt
w
a
iso þ r
a
iso
d
dt
k
a
iso  qRs
a
iso
d
dt
h 1
h
q
a
Rg
a
R P 0 ð29Þ
then (28) is satisﬁed and the resulting tensor formulation which is
the given by (10)–(16), (18), (19) and (26) is compatible with (20).
In the article of Naumann and Ihlemann (2012), the hydrostatic
pressure
p ¼ 1
3
tr
1
J
F~TvolF
T
 
¼ 2qRJ
@wvol
@III
ð30Þ
which is related to the volumetric part (18) of the stress is also re-
solved into directional parts. As a result of their model formulation,
this leads to a supplementary contribution in the one-dimensional
Clausius–Duhem inequality. Such a contribution does not occur in
the present approach.
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4.1. Structure of the stress tensor
If (26) is transformed to the current conﬁguration and
FC1FT ¼ 1 is taken into account, the Kirchhoff stress tensor
Siso ¼ F~TisoFT can be calculated:
Siso ¼ 14p
Z 2p
0

Z p
0
r
a
iso
1
III1=3k
a
iso
F e
*
a
 e*
a
FT  1
3
k
a
iso1
0
@
1
A sin# d# du ð31Þ
Considering F e
*
a
 e*
a
FT ¼ F e*
a
F e*
a
as well as
tr Fð e*
a
 e*
a
FT

¼ F e*
a
F e*
a
¼ e*
a
FTF e*
a
the isochoric directional stretch
(6) can be written as follows:
k
a
iso ¼ III1=6 tr F e
*
a
 F e*
a ! !1=2
ð32Þ
Inserting this expression into (31) leads to the following
representation:
Siso ¼ 14p
Z 2p
0
Z p
0
 r
a
iso
III1=3k
a
iso
F e
*
a
 F e*
a
 1
3
tr F e
*
a
 F e*
a !
1
 !
sin# d# du
ð33Þ
The property4
tr F e
*
a
 F e*
a
 1
3
tr F e
*
a
 F e*
a !
1
 !
¼ 0 ð34Þ
together with (33) leads to trðSisoÞ ¼ 0 such that the ﬁrst Piola–Kir-
chhoff stress Siso is purely deviatoric. Computing the tensor
Svol ¼ F~TvolFT under consideration of (18), it comes out that it is
purely volumetric.
4.2. Structure of the heat ﬂux vector
In order to calculate the resulting heat ﬂux vector, relation (16)
must be taken into account in combination with an appropriate
one-dimensional heat ﬂow model which is related to the direction
e
*
a
ð#;uÞ in the reference conﬁguration:
q
a
R ¼ jð. . .Þg
a
R ð35Þ
The scalar jð. . .ÞP 0 is the associated heat conductivity which
can be constant or variable. A short computation leads to the fol-
lowing relation for the global heat ﬂux vector:
q
*
R ¼ A q
a
R e
*
a" #
¼ A jð. . .ÞgaR e
*
a" #
¼ A jð. . .Þ g*R  e
*
a !
e
*
a" #
¼ A jð. . .Þ e*
a
 e*
a" #
g
*
R ð36Þ
The factor of g
*
R on the right-hand side of (36) is a process-
dependent heat conductivity tensor. In the case of
j ¼ j0 ¼ const, (36) can be easily evaluated in closed form and
leads an isotropic relation between the heat ﬂux vector and the
temperature gradient:4 The trace of a second order tensor in an orthogonal Cartesian coordinate system is
trðBÞ ¼ B11 þ B22 þ B33.q
*
R ¼ j0A e
*
a
 e*
a" #
g
*
R
¼ j0
3
e
*
1  e
*
1 þ e
*
2  e
*
2 þ e
*
3  e
*
3
 
g
*
R ¼ 
j0
3
g
*
R ð37Þ
The constant j0=3 is the heat conductivity (cf. Naumann and
Ihlemann (2012)). If the heat conductivity in (35) depends on the
stretch history, (36) is an anisotropic heat conduction law. The
anisotropy is process-induced.
4.3. Evaluation for linear thermoelasticity
Under the assumption of small strains, the deformation gradient
F ¼ 1þH is approximately a unit tensorwith kHk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H H
p
 1 and
the inﬁnitesimal strain tensor Elin reads as follows:
Elin ¼ 12 HþH
T
 
ð38Þ
Using the linearizations III  1þ 2trðElinÞ and C  1þ 2Elin, it
can be shown that the isochoric stretch is determined by the devi-
ator of (38):
k
a
iso  1þ e
*
a
 Elin  13 trðElinÞ1
 
e
*
a
¼ 1þ e*
a
EDlin e
*
a
ð39Þ
If the stress r
a
iso depends linearly on the strain e
a
iso ¼ k
a
iso  1 and
trðe*
a
 e*
a
Þ ¼ 1 is considered, the linearization of (33) reads as
Siso  14p
Z 2p
0
Z p
0
r
a
iso e
*
a
 e*
a
 1
3
1
 !
sin# d# du ð40Þ
Applying the transformation Svol ¼ F~TvolFT to (18) and assuming
small volume changes such that the quadratic approximation
wvolðIII;hÞ ¼ wvolð1; hÞ þ
w00volð1; hÞ
2
ðIII 1Þ2 þ O ðIII 1Þ3
 
ð41Þ
is applicable,5 the linearization of the hydrostatic stress can be easily
calculated. In order to guarantee that the undeformed conﬁguration
is free of stress w0volð1; hÞ ¼ 0 is assumed in (41). Deﬁning the temper-
ature-dependent modulus KðhÞ ¼ 4qRw00volð1; hÞ, taking
III  1þ 2trðElinÞ into account and omitting higher order terms, with
(18) the following result is obtained:
Svol ¼ KðhÞ trðElinÞ1 ð42Þ
In the case of a linear elastic material model for the direction
e
*
a
ð#;uÞ the related free energy
qRw
a
iso ¼ lðhÞ k
a
iso  1
 2
ð43Þ
in combination with the isothermal form of (29) leads to the rela-
tion for the stress:
r
a
iso ¼ qR
@w
a
iso
@k
a
iso
¼ 2lðhÞ k
a
iso  1
 
ð44Þ
The function lðhÞ > 0 is a temperature-dependent elasticity
parameter. Taking all results into account, the total stress can be
written as follows:
S ¼ KðhÞ trðElinÞ1þ lðhÞ2p
Z 2p
0

Z p
0
k
a
iso  1
 
e
*
a
 e*
a
 1
3
1
 !
sin# d# du ð45Þ5 The Landau symbol is deﬁned as follows: f ðxÞ ¼ Oðx2Þ () jf ðxÞj < Cx2 for
x! 0.
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strains, the stress S in (45) is approximately equal to the Cauchy
stress tensor T.
In order to compute the responses of (45) for hydrostatic com-
pression, shear and uniaxial tension, both the stress and the linear-
ized strain tensor have to be speciﬁed and the integral be evaluated
under consideration of (5). To this end, the following dyadic prod-
uct is needed:
e
*
a
 e*
a
¼ sin2 # cos2ue*1  e
*
1
þ sin2 # sinu cosu e*1  e
*
2 þ e
*
2  e
*
1
 
þ sin2 # sin2ue*2  e
*
2
þ sin# cos# cosu e*1  e
*
3 þ e
*
3  e
*
1
 
þ sin# cos# sinu e*2  e
*
3 þ e
*
3  e
*
2
 
þ cos2 #e*3
 e*3 ð46Þ4.3.1. Hydrostatic compression
In this case, evol denotes the volume strain and p the pressure.
The related strain and stress tensors read as
Elin ¼ evol3 e
*
1  e
*
1 þ e
*
2  e
*
2 þ e
*
3  e
*
3
 
ð47Þ
S ¼ p e*1  e
*
1 þ e
*
2  e
*
2 þ e
*
3  e
*
3
 
ð48Þ
Considering (39), (45)–(48) as well as EDlin ¼ 0, the results are as
follows:
k
a
iso  1 ¼ 0 ð49Þ
p ¼ KðhÞevol ð50Þ
This outcome shows that the function KðhÞ is the compression
modulus.4.3.2. Simple shear
Under shear loading, c and s denote the shear angle and shear
stress such that the related tensors are given by
Elin ¼ c2 e
*
1  e
*
2 þ e
*
2  e
*
1
 
ð51Þ
S ¼ s e*1  e
*
2 þ e
*
2  e
*
1
 
ð52Þ
Considering (39), (45), (46), (51), and (52) the ﬁnal result reads
as
k
a
iso  1 ¼ c sin2 # sinu cosu ð53Þ
s ¼ 2lðhÞ
15
c ð54Þ
The last expression shows that the factor GðhÞ ¼ 2lðhÞ=15 is the
shear modulus.
4.3.3. Uniaxial tension
The axial strain is denoted as e, the lateral strain as elat, the axial
stress as r and the related tensors are written as
Elin ¼ ee
*
1  e
*
1 þ elat e
*
2  e
*
2 þ e
*
3  e
*
3
 
ð55Þ
S ¼ re*1  e
*
1 ð56ÞConsideration of relations (39), (45), (46), (55), and (56) leads to
the ﬁnal results:
k
a
iso  1 ¼ e elatð Þ sin2 # cos2u 13
 
ð57Þ
elat ¼ 45K  4l90K þ 4le ð58Þ
r ¼ l 18K
45K þ 2le ð59Þ
Taking a look at (58) and (59) it is apparent that
m ¼ ð45K  4lÞ=ð90K þ 4lÞ is the Poisson ratio and
E ¼ 18lK=ð45K þ 2lÞ the Young modulus. It can be easily veriﬁed
that l > 0 and K > 0 imply E > 0, G > 0 and 1 < m < 1=2. If the
volumetric/isochoric decomposition of the deformation gradient
and the free energy is not introduced in the model formulation
then the Poisson ratio would have a constant value of 1=4 (e.g. Ost-
wald et al. (2010)).
In the case of nearly incompressible material behaviour, K 	 l
applies. Then, the evaluation of (58) and (59) leads to elat ¼ e=2
and to
r ¼ 2
5
lðhÞe ð60Þ
Interpreting E ¼ 2=5l as Young modulus of the incompressible
material and comparing this value with the modulus E
a
¼ 2l in
(44), the global stress-strain response is 5 times weaker than the
response which was taken for one single direction. This interesting
outcome was also derived by Freund and Ihlemann (2010).
5. Evaluation for nonlinear elasticity of the Mooney–Rivlin type
As pointed out, the directional approach can be applied to trans-
fer uniaxial material models to three spatial dimensions. Owing to
the inherent nonlinearities of this approach, the averaging operator
(8) is usually approximated by discrete sums. Different discretisa-
tion techniques as well as their implications are analysed by Ehret
et al. (2010). The reader is also referred to Bazant and Oh (1986),
Miehe et al. (2004) or Freund and Ihlemann (2010). In order to
determine the accuracy of such approximations or to understand
the functional principle of the averaging operator in more detail,
exact solutions for relevant one-dimensional material models
and load situations are required.
To analyse the response behaviour of the large strain formula-
tion (31) for the special case of nonlinear elasticity, the constraint
of incompressibility is introduced. It corresponds to J ¼ 1 and im-
plies the following relation for the Cauchy stress tensor:
T ¼ p1þ Siso
¼ p1þ 1
4p
Z 2p
0

Z p
0
r
a
iso
1
k
a
iso
F e
*
a
 e*
a
FT  1
3
k
a
iso1
0
@
1
A sin# d# du ð61Þ
The factor p is the constitutively undetermined pressure. In or-
der to enable the evaluation of the double integral in closed form,
the one-dimensional tension/compression relation of the usual
Mooney–Rivlin model is applied for the directions e
*
a
ð#;uÞ. This
leads to the following expressions for the free energy and the
stress; l1;l2 P 0 are material constants:
qRw
a
iso ¼ l1 k
a
2
iso þ
2
k
a
iso
 3
0
@
1
Aþ l2 1
k
a
2
iso
þ 2k
a
iso  3
0
@
1
A ð62Þ
Fig. 2. Stress–stretch responses for l1 ¼ 1 MPa; l2 ¼ 0 under uniaxial tension/
compression.
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a
iso ¼ qR
@w
a
iso
@k
a
iso
¼ 2l1 k
a
iso  k
a2
iso
 
þ 2l2 1 k
a3
iso
 
ð63Þ
The model deﬁned by (61) and (63) will be evaluated for uniax-
ial tension/compression in the global e
*
3-direction as well as for
equibiaxial tension in the global e
*
1=e
*
2-plane. It should be men-
tioned that Carol et al. (2004) postulated different equations on
the directional level in order to obtain a macroscopic stress-strain
response of the Mooney–Rivlin type. Interested readers are re-
ferred to this comprehensive article.
5.1. Uniaxial tension/compression
In this case, the deformation gradient, the Cauchy stress and the
deviatoric isochoric stress tensor are represented as follows:
F ¼ k1=2 e*1  e
*
1 þ e
*
2  e
*
2
 
þ ke*3  e
*
3 ð64Þ
T ¼ re*3  e
*
3 ð65Þ
Siso ¼ s 12 e
*
1  e
*
1 þ e
*
2  e
*
2
 
þ e*3  e
*
3
 
ð66Þ
In order to calculate the stress r, the relations (61), (65), and
(66) suggest 0 ¼ p s=2 and r ¼ pþ s. This leads to
r ¼ 3
2
s ð67Þ
Taking (5) and (64) into account, the following relations are
obtained:
F e
*
a
¼ k1=2 sin# cosu e*1 þ sinu e
*
2
 
þ k cos# e*3 ð68Þ
F e
*
a
F e*
a
¼ k1 sin2 #þ k2 cos2 # ð69Þ
k
a
iso ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1 sin2 #þ k2 cos2 #
q
ð70Þ
Considering (61), (63), (67), and (68) as well as s ¼ e*3  Siso e
*
3,
e
*
3  ðF e
*
a
 e*
a
FTÞe*3 ¼ k2 cos2 # and e
*
3  1e
*
3 ¼ 1, the scalar Cauchy
stress can be straightforwardly computed:
r ¼ 1
2
A
r
a
iso
k
a
iso
2k2 cos2 # sin
2
#
k
 !24
3
5 ð71Þ
Since the integrand of (71) is independent on the angle u, the
related integration leads to a factor of 2p. Then, (71) is equal to
r ¼l1
2
Z p
0
1 k2 cos2 #þ sin
2
#
k
 !3=20@
1
A
 2k2 cos2 # sin
2
#
k
 !
sin# d#
þ l2
2
Z p
0
k2 cos2 #þ sin
2
#
k
 !1=20@
 k2 cos2 #þ sin
2
#
k
 !21A 2k2 cos2 # sin2 #
k
 !
sin# d#
or to
r ¼ l1
2
Z 1
1
1 ðk2  k1Þx2 þ k1	 
3=2  2k2 þ k1	 
x2  k1	 
dx
þ l2
2
Z 1
1
k2  k1	 
x2 þ k1	 
1=2
 k2  k1	 
x2 þ k1	 
2 2k2 þ k1	 
x2  k1	 
 dx ð72Þwhen the substitution x ¼  cos# is applied. In order to evaluate
(72) in closed form, three cases must be distinguished:
No deformation k2  k1 ¼ 0 () k ¼ 1Tension : k2  k1 > 0 () k > 1Compression k2  k1 < 0 () k < 1
In the most simple case of k ¼ 1, (72) leads to r ¼ 0. In the case
of tension, the integral can be solved when y ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  k1
p
is
substituted. Under compression, y ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1  k2
p
must be applied.
The solutions of the related integrals can be found in the formulary
of Bronstein and Semendjajew (1984). The ﬁnal outcome of these
calculations reads as follows:
rR¼
l1 23ðkk2Þþ 3k2k1 2kþk
2
k2k1ð Þ3=2 arsinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k31
p  
þl2 k
2þ2k1
k2k1

 4k3
2ðk2k1Þ3=2 arsinhð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k31
p
Þ k1=2ðkþ2k2Þ
2ðk2k1 Þ3=2 arctanð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k31
p
Þ

if k>1
0 if k¼1
l1 23ðkk2Þþ 3k2k1þ 2kþk
2
ðk1k2Þ3=2 arcsinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1k3
p
Þ
 
þl2 k
2þ2k1
k2k1

þ 4k3
2 k1k2ð Þ3=2 arcsinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1k3
p
Þþ k1=2ðkþ2k2Þ
2ðk1k2 Þ3=2 artanhð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1k3
p
Þ

if k<1
8>>>>>>>>>><
>>>>>>>>>>:
ð73Þ
The variable rR ¼ r=k is the related component of the ﬁrst Pio-
la–Kirchhoff stress tensor:
TR ¼ JTFT1 ¼ rk e
*
3  e
*
3 ¼ rR e
*
3  e
*
3 ð74Þ
Comparing (73) with the related stress-stretch relation of a sin-
gle direction as deﬁned in (63) completely different mathematical
forms are observed when k
a
iso is replaced by k:
rR ¼ 2l1ðk k2Þ þ 2l2ð1 k3Þ
The associated stretch–stress curves are plotted in Figs. 2 and 3
for different values of the material parameters. The stress response
of the directional model is much weaker than that of the original
one-dimensional model. This behaviour is representative for the
afﬁne approach but can be changed in a consistent manner when
a non-afﬁne model is used as proposed, for example, by Miehe
et al. (2004).
Fig. 3. Stress–stretch responses for l1 ¼ 0; l2 ¼ 1 MPa under uniaxial tension/
compression.
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plied with a factor of 5 and presented as dotted curve in the ﬁg-
ures. The origin of this number is explained in the text below the
linear stress strain relation (60). Freund and Ihlemann (2010) used
this value for the parameter w (cf. Freund and Ihlemann (2010)
and the discussion in Section 3 of this paper) to guarantee that
the stresses of the directional model are comparable with those
resulting from the underlying one-dimensional model. In the
vicinity of k ¼ 1, the multiplied stress response (dotted curve)
approximates that of the one-dimensional model. It should be re-
marked that the theory which is applied in the present paper con-
tains no room for such a parameter. It should also be mentioned,
that the parameter w has a completely different meaning than the
weighting factors wi which are introduced for the numerical inte-
gration of the angular averaging operator (e.g. Miehe et al.
(2004)).5.2. Equibiaxial tension
In this situation, the tensors F, T and Siso are expressed as
follows:
F ¼ k e*1  e
*
1 þ e
*
2  e
*
2
 
þ k2 e*3  e
*
3 ð75Þ
T ¼ r e*1  e
*
1 þ e
*
2  e
*
2
 
ð76Þ
Siso ¼ s1 e
*
1  e
*
1 þ s2 e
*
2  e
*
2 þ s3 e
*
3  e
*
3 ð77Þ
Using the representation (5) of the vector e
*
a
ð#;uÞ the listed rela-
tions are obtained:
F e
*
a
¼ k sin#ðcosu e*1 þ sinu e
*
2Þ þ k2 cos# e
*
3 ð78Þ
F e
*
a
F e*
a
¼ k2 sin2 #þ k4 cos2 # ð79Þ
k
a
iso ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 sin2 #þ k4 cos2 #
q
ð80ÞF e
*
a
 F e*
a
¼ k2 sin2 # cos2ue*1  e
*
1
þ k2 sin2 # sinu cosu e*1  e
*
2 þ e
*
2  e
*
1
 
þ k1 sin# cos# cosu e*1  e
*
3 þ e
*
3  e
*
1
 
þ k2 sin2 # sin2ue*2  e
*
2
þ k1 sin# cos# sinu e*2  e
*
3 þ e
*
3  e
*
2
 
þ k4 cos2 #e*3  e
*
3 ð81Þ
Inserting (77), (79), and (81) into (61) the components of the
tensor Siso can be computed:
s1 ¼ A r
a
iso
k
a
iso
k2 sin2 # cos2u 1
3
 
 1
3
k4 cos2 #
 24
3
5
s2 ¼ A r
a
iso
k
a
iso
ðk2 sin2 # sin2u 1
3
 
 1
3
k4 cos2 #Þ
2
4
3
5
s3 ¼ A r
a
iso
k
a
iso
ð2
3
k4 cos2 # 1
3
k2 sin2 #Þ
2
4
3
5
ð82Þ
Since the shear components of (81) depend linearly on sinu,
cosu or sinucosu and the factors r
a
iso=k
a
iso do not depend on the
angle u, the following statements are valid:
A
r
a
iso
k
a
iso
k2 sin2 # sinu cosu
 24
3
5 ¼ A ra iso
k
a
iso
sin# cos# cosu
k
 24
3
5
¼ A r
a
iso
k
a
iso
sin# cos# sinu
k
 24
3
5 ¼ 0
Taking a look at (82) the integration with regard to the angle u
can be easily carried out and leads to s1 ¼ s2 ¼ s3=2 ¼: s with
s ¼ 1
6
Z p
0
r
a
iso
k
a
iso
k2
2
sin2 # k4 cos2 #
 !
sin#d# ð83Þ
Inserting this result into (61) and consideration of (76) and (77),
the component r of the Cauchy stress can be computed:
r ¼ pþ s and 0 ¼ p 2s lead to r ¼ 3s or with (83) to
r ¼ 1
2
Z p
0
r
a
iso
k
a
iso
k2
2
sin2 # k4 cos2 #
 !
sin#d# ð84Þ
Taking the underlying one-dimensional model (63) into account
and substituting x ¼  cos# in (84) a short calculation leads to:
r ¼ l1
2
Z 1
1
1 k2  ðk2  k4Þx2	 
3=2  k2  k2 þ 2k4	 
x2	 
dx
þ l2
2
Z 1
1
k2  k2  k4	 
x2	 
1=2
 k2  k2  k4	 
x2	 
2 k2  k2 þ 2k4	 
x2	 
dx ð85Þ
To carry out the integration of (85) in closed form, the condition
k2  k4 > 0 which holds for equibiaxial tension has to be consid-
ered and the substitution y ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  k4
p
be applied. All resulting
integrals can be found in the formulary of Bronstein and Semendja-
jew (1984) such that the stress response
TR ¼ JTFT1 ¼ r=kðe
*
1  e
*
1 þ e
*
2  e
*
2Þ can be calculated:
rR ¼ rk ¼
r1 þ r2
k
ð86Þ
Fig. 5. Stress–stretch responses for l1 ¼ 0; l2 ¼ 1 MPa under equibiaxial tension.
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k4 þ 2k2
k2  k4 
k2 þ 2k4
3
 k
2 þ 2k4
ðk2  k4Þ3=2
arcsinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k6
p
Þ
 !
r2 ¼ l2
2þ k6
k2  k4 þ
k4  4k2
2ðk2  k4Þ3=2
arcsinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k6
p
Þ
 
 2kþ k
5
2ðk2  k4Þ3=2
artanhð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k6
p
Þ
!
ð87Þ
The response behaviour of the component of the ﬁrst Piola Kir-
chhoff stress tensor as function of the stretch is plotted for differ-
ent values of the material constants in Figs. 4 and 5. For
comparison, the equibiaxial response of the Mooney–Rivlin model
in also presented in the ﬁgures. This relation can be found in stan-
dard textbooks of rubber elasticity and reads as
rR ¼ 2l1 k k5
	 
þ 2l2 k3  k3	 
 ð88Þ
Taking a look at the ﬁgures, the stress responses which result
from the directional approach are much weaker than those of the
Mooney–Rivlin model under equibiaxial tension (88). If the exact
solutions of the directional model are multiplied with a factor of
5 as discussed in the last section, the Mooney–Rivlin responses
are approximated in the vicinity of k ¼ 1. The most interesting re-
sult of this investigation is the fact that the curvature of the equi-
biaxial response in the case of l1 ¼ 0;l2 ¼ 1 MPa is totally
different from that of the Mooney–Rivlin model.
5.3. Remark
In these considerations, the directional model is hyperelastic,
incompressible and isotropic and its strain energy per unit mass
is given by (62). Setting x ¼ cos# and comparing the directional
stretches under uniaxial tension/compression (70) with those un-
der equibiaxial tension (80) the following relations are obtained:
k
a
iso;uniðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1 sin2 #þ k2 cos2 #
q
¼ k1=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðk3  1Þx2
q
ð89Þ
k
a
iso;ebðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2 sin2 #þ k4 cos2 #
q
¼ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðk6  1Þx2
q
ð90Þ
Comparing (89) with (90) leads to k
a
iso;uniðk2Þ ¼ k
a
iso;ebðkÞ. Be-
cause of this equivalence, the strain energy densities under uniax-
ial tension/compression and under equibiaxial tension are
connected by the relation w
a
iso;uniðk2Þ ¼ w
a
iso;ebðkÞ. It can be com-Fig. 4. Stress–stretch responses for l1 ¼ 1 MPa; l2 ¼ 0 under equibiaxial tension.puted by inserting (89) and (90) into (62). The application of the
angular averaging operator (8) to this result then leads to
wiso;uniðk2Þ ¼ wiso;ebðkÞ. The principle of conservation of energy
which is applicable in the case of elasticity demands the equality
between the increment of work of the external forces (rR;uniðkÞdk
under uniaxial and 2rR;ebðkÞdk under equibiaxial loadings) and
the change in the strain energy per unit volume qRdwiso;uniðkÞ or
qRdwiso;ebðkÞ. This leads to
rR;uniðkÞ ¼ qR
dwiso;uniðkÞ
dk
and rR;ebðkÞ ¼ 12qR
dwiso;ebðkÞ
dk
ð91Þ
If the chain rule of differentiation is applied, an important rela-
tion is obtained:
rR;ebðkÞ ¼ 12qR
dwiso;ebðkÞ
dk
¼ 1
2
qR 2k3
	 
dwiso;uniðk2Þ
dk2
¼ k3rR;uni k2
	 
 ð92Þ
If (91) and (92) are applied, the main tasks to determine the
stress–strain relations are the computation of wiso;uniðkÞ and the cal-
culation of its derivative with respect to k. The equibiaxial stress-
strain curve can be calculated from the uniaxial one using (92).
Fortunately, relations (73) and (86) in combination with (87) can
also be derived by this method.6. Concluding remarks
It was the focus of this investigation to calculate exact solutions
for some selected load cases and elastic material behaviour. In the
special case of nonlinear elasticity of the Mooney–Rivlin type for
the directions in the orientation space, closed form solutions were
derived for the uniaxial stress-strain behaviour under tension/
compression as well as for the equibiaxial behaviour under ten-
sion. These solutions exhibit a quite complicated mathematical
structure because they consist of combinations of fractional ra-
tional functions and transcendental functions. In Carol et al.
(2004), different nonlinear elasticity relations were assumed for
the directions in the orientation space such that the resulting mac-
roscopic model is of the Mooney–Rivlin type with a compressibility
term. A key result of the current study is that the directional ap-
proach leads weaker stress responses in comparison with the
underlying one-dimensional material model. The intrinsic reason
is the averaging process: the average value of the directional
Fig. 6. Directional stretches as function of the global stretch for different angles.
2526 A. Lion et al. / International Journal of Solids and Structures 50 (2013) 2518–2526stretch is much smaller than the stretch which is used to evaluate
the underlying one-dimensional model. This behaviour is shown in
Fig. 6 in which relation (70) is plotted for different values of the an-
gle #. It should be remarked, that this property can be changed or
weakened when non-afﬁnity in combination with the nonlinear p-
root averaging operator is assumed as proposed by Miehe et al.
(2004).
Besides this, the graphical comparisons of Section 5, especially
Fig. 5, illustrate the following statement: even if a certain three-
dimensional model (e.g. Mooney–Rivlin) is able to ﬁt given exper-
imental data, there is no necessity that a directional law which
makes use of the uniaxial response of this three-dimensional mod-
el will also be able to ﬁt the same data. Therefore, when developing
a directional law, it is not recommended to re-use the uniaxial re-
sponse of existing three-dimensional models. It seems much wiser
to use directional equations which are speciﬁcally designed for the
occasion that is ‘‘tailor-made equations’’. Nevertheless, the exact
solutions which were derived in this paper can be used as refer-
ences for numerical simulations when the integration over the unit
sphere is carried out numerically.
The directional approach can also be applied to represent mate-
rial behaviour with intrinsic anisotropies. To this end, the material
parameters of the uniaxial directional model have to depend on the
angles # and u. This method is investigated in a current research
project.Acknowledgement
The authors thank the referees for their valuable criticism, pro-
posals and comments.
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